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Abstract. — We prove that a component A of the closure of the set of star points on a 
hypersurface of degree d > 3 in ¥^ is linear. Afterwards, we focus on the case where A is of 
maximal dimension and the case where X is a surface. 
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1 Introduction 

Consider a hypersurface X of degree d > 3 in a projective space defined over 
the field C of complex numbers. A smooth point on X is called a star point 
if and only if the intersection of X with the embedded tangent space Tp{X) 
is a cone with vertex P. As explained in this notion is a generalisation of 
total inflection points on plane curves. It is also a generalisation of the classical 
notion of an Eckardt point on a smooth cubic surface in (see [Sj HI |9]). Star 
points on smooth hypersurfaces have been studied in 2 , where it is proven 
that such hypersurfaces contain only finitely many star points. Star points on 
singular cubic surfaces in P'^ have been examined in [l][9l[10]. In particular, in 
[T] the author investigates a singular cubic surface containing infinitely many 
star points and makes some general thoughts on it. 

In Section [5] of this article, we prove that each component A of the closure 
of the set of star points of A is a linear subspace of dimension < A < A — 2. 
Moreover, each smooth point P in A has the same tangent space 11 and IlnA is a 
cone with vertex A. Note that for smooth hypersurfaces, we always have A = 0. 
In Section[3l we study the case where A is of maximal dimension, i.e. X = N — 2. 
We prove that either all such (A^ — 2)-dimensional linear spaces A belong to the 
same hyperplane in P^ or they contain a common {N — 3)-dimensional linear 
space. In the first case, there are at most d such linear spaces A; in the second 
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case, there are at most 3d such hnear spaces A. To finish the article, in Section 
[4] we consider surfaces in P'^ having a Hne L of star points. We show that in 
general such line contains d — 1 singularities of X of type Ad-i- Conversely, 
the presence of such singularities implies that L is a line of star points. We 
also make some remarks in more special cases. On the one hand, our results 
give contradictions to the thoughts in [T]; on the other hand, we place them in 
a much more general situation. Finally, we show that star points on a line of 
star points can be considered as a limiting case of a special type of isolated star 
points. This generahzes results of [TT] for cubic surfaces. 

2 Main theorem 

We work over the field C of complex numbers. 

Definition 2.1. Let X be an irreducible reduced hypersurface of degree d > 3 
in and let P be a smooth point on X. We say that P is a star point on X 
if and only if Tp{X) C] X \s a. cone with vertex P. 

Example 2.2. Assume that X is an irreducible reduced hypersurface of degree 
d > 3 in P^ and 11 is an hyperplane in such that the scheme 11 n X is a cone 
with vertex A (here A is a linear subspace of 11) . In case A is not contained in 
Sing(X), then all points of (Ar\Sing(X))nA are star points of X . In particular, 
A is contained in the closure of the set of star points on X . In case P G A is a 
smooth point of X, then Tp{X) = fl, hence all those star points have the same 
tangent space to X. 

Example 2.3. Let F be a plane in P''^ and let F be an irreducible plane curve 
of degree d in V. Consider an {N — 3)-dimensional linear subspace L of P^ 
such that LnV — $ and let X be the cone on F with vertex L. If Q is a total 
inflection point of F with tangent line T, then each point P G (Q, L) \ L is a. 
star point of X and Tp{X) = {T,L). In particular, {Q,L) is contained in the 
closure of the locus of star points on X and all those star points have the same 
tangent space. 

Remark 2.4. It should be noted that Example l2.3l is a special case of Example 
12.21 Here 11 = (T, L) and IlnX is as a divisor on 11 equal to dA with A = {Q, L), 
hence it is a cone with vertex A. 

The following theorem implies that Example 12.21 is the typical example. 

Theorem 2.5. Let X be an irreducible reduced hypersurface of degree d in P^ 
and let A be a component of the closure of the locus of star points on X . Then 
A is a linear subspace of P^ of some dimension < X < N — 2 and there is a 
hyperplane 11 in P^ containing A such that Iln AT is o cone in H with vertex A. 
In particular, H is the tangent space to X at all smooth points of X contained 
in A. Moreover, in case dim(A) = N — 2 then Hn X is equal to dA as a divisor 

on n. 
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Corollary 2.6. The set of hyperplanes that do occur as tangent spaces to X at 
star points is finite. 

Proof of Theorem \2.5[ Assume A is a component of the space of star points of 
X of dimension at least one. Let P, P' be general points of A. As a scheme, 
Tp{X)r\X is a cone with vertex P. In particular, if is a hyperplane in Tp{X) 
with P ^ H, then HnX as a scheme is a (not necessarily reduced or irreducible) 
hypersurface of degree d in H such that X n Tp{X) as a scheme is the cone on 
H nX with vertex P. Let 

TT : iTp{X) nx)\{p}^ Hnx 

be the projection map. Let Ci, . . . , Cfc be the irreducible components ofTp{X)n 
X. Moving P to P' on A, we obtain corresponding components C(, . . . , of 
Tpi{X) n X. We say a component Ci is moving (resp. not moving) with P on 
A in case C- 7^ Ci (resp. C- = Ci). If Ci is a moving component, the closure of 
the union of the components Ci is equal to X. 

Assume that Tpi{X) = Tp{X). In particular, we have that A C Tp{X). 
Since P' is a star point of A, it follows that for each point Q on Tp{X) n A one 
has (P', Q) C X, hence (7r(P'), 7r((5)) C A n iJ. This implies A n is a cone 
with vertex tt{P') and therefore X n Tp{X) is a cone with vertex (P, P'). This 
holds for any P' e A, hence Tp{X) n A is a cone with vertex (A). It follows 
that (A) C X and in case P" G (A) is a smooth point on X, then P" is a star 
point on A and Tp"(X) = Tp{X). This is in agreement with the statement of 
the theorem. 

From now on, we assume Tp{X) ^ Tpi(X). If moreover all components of 
Tp(A) n A would be cones with vertex Tp(A), then a general point of Pp(A) is a 
star point of A, therefore A = rp(A). Thus A is a linear subspace and Tp{X)nX 
is singular at each point of A, hence Tpi{X) — Tp{X), a contradiction. This 
implies that Tp{X) n A has a component Cp moving with P G A such that Cp 
is not a cone with vertex Tp(A). Indeed, if Tp{X) n A has a component C that 
does not move with P on A, then C = Tp{X) n Tpi{X). It follows that C is 
a linear subspace of dimension N — 2 contained in A and containing A, hence 
also a cone with vertex rp(A). 

Let Q he a. general point on Cp. The proof of [2, Theorem 4.2] implies 
that the line (P, Q) contains a singular point R of A. As a matter of fact, in 
the case of smooth hypersurfaces this holds for any component of Tp(A) n A 
using the fact that no such component is a cone with vertex Tp(A). So in 
the case of singular hypersurfaces, we needed to show the existence of such a 
component in advance. It follows that the scheme Tp{X) n A is singular at P, 
hence Pi A is singular at 7r(P) = ti{Q). Since ti{Q) is a general point of the 
component 7r(Cp) of iJ fl X, it follows that 7r(Cp) is a multiple component of 
HnX and therefore Cp is a multiple component of Tp{X) n A. In particular, 
the scheme Tp{X) n A is singular at Q. Since A is smooth at Q, it follows 
that Tp(A) = Tq{X). Since Cp is moving with P £ A, this implies that the 
Gauss map of A has fibers of dimension N ~ 2. Since the general fibers of the 
Gauss map are linear subspaces (see [T^l Theorem 2.3(c)]), it follows that Cp is 
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linear subspace of dimension iV — 2 in P^. In case Tp{X) n X would also have a 
component C not moving with P G A, it follows that a general hyperplane 11 of 

containing the linear subspace C is the tangent hyperplane of a star point P' 
on A. Since Tpi{X) DX contains also the moving multiple component Cp/ 7^ C, 
this contradicts Bertini's Theorem for linear systems on singular varieties (see 
[5] Theorem 4.1]). So from now on, we can also assume that all components of 
Tp{X) n X are moving, one of which is the linear subspace Cp. 

Assume that P' ^ Tp{X) for P' G A general, so H = Tp{X) n Tp,{X) 
is a hyperplane of Tp{X) not passing through P. In particular, we have that 
H Cp, thus the linear subspace H' = Cp H is {N — 3)-dimensional. Let L 
be a general line in Cp through P and let Q G H' he the intersection point of 
H and L. Since P' is a star point and Q e Tpi{X), we have {Q, P') C X, hence 
P' G Tq{X). On the other hand, we have Tp{X) C Tq{X), hence Tq{X) = 
and Q is a singular point of X. In particular, the point Q does not move with 
P' on A, since L contains only finitely many singular points of X. We conclude 
that H' does not move with P' G A, hence H' C Tpi/{X) for P" general on 
A. Since P" is a star point on X, we find {H',P") C AT for P" G A. In case 
{H',P") would not move with P" on A, it would imply A C Tp{X), hence a 
contradiction. Therefore {H', P") moves with P" on A and this implies X is the 
closure of the union of those linear spaces of dimension - 2 inside P^. This 
proves X is a cone with vertex H' on a plane curve 7 of degree d > 3. Now star 
points correspond to points in {H' , P") with P" a total inflection point of 7. 
This would imply Ac {H' , P") for such a point P" hence A C Tpn{X), giving 
a contradiction. 

So we find that P' G Tp(X), hence (A) C Tp{X) n X. Let Dp be a com- 
ponent of Tp{X) n X containing (A). If Dp is not a cone with vertex rp(A), 
then Dp is a multiple component, hence A C Sing(Tp(X) n X). We obtain 
Tp'{X) = Tp{X), a contradiction. So we have that each component Dp of 
Tp{X) n X containing (A) is a cone with vertex Tp(A). In particular, there 
exists a component Dp ^ Cp. 

Assume that Tp(A) C Sing(Tp(X) n X). If P' G Cp for P' general, it 
follows that Tpi{X) = Tp{X) since Cp is a multiple component of Tp{X) r\X, 
a contradiction. Hence we have that P' ^ Cp and also P ^ Cpi . Since Tp(A) C 
(A) C Tpi{X) and Cpi is a hyperplane in Tpi{X) not through P, we find that 
each line L in rp(A) containing P intersects Cpi in a point Qp' 7^ P. If Qp' is a 
smooth point on X, then Tq^, (X) = Tpi {X) since Cp' is a multiple component. 
On the other hand, Tq^, {X) = Tp{X) since Qp' e Ld Sing(Tp(X) nX). This 
would imply that Tpi{X) — Tp{X), a contradiction. Therefore, the point Qp' 
is singular on X and because L f) Sing(A') is finite, it follows that Qp/ does not 
move with P' G A, hence Qp/ G Cp. But Cp is an {N — 2)-dimensional linear 
subspace containing P, hence L C Cp and thus Pp(A) C Cp, a contradiction. 

Finally, assume that Pp(A) Sing(rp(X) DX). Hence there is only one 
component Dp of Tp{X) n X having vertex rp(A). Moreover, the component 
Dp is simple and it is an {N — 2)-dimensional linear subspace (otherwise Tp(A) 
would be contained in the singular locus). Take Q G A general. Since Q G 
(A) C Dp and Dp is a linear space on X, it follows that Dp C Tq{X). But the 
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union of the spaces Dp is X, thus X C Tq{X), a contradiction. 



□ 



Example 2.7. Let X be a hypersurface in P and assume a linear subspace 
A of dimension 0<A<A^ — 2isa component of the closure of the set of star 
points on X. Let H be the tangent space Tp{X) of a smooth point P G A. We 
can choose projective coordinates (Xq : Xi : . . . : ATjv) on such that A has 
equation Xx+i ~ . . . = X^ = and H as equation AT^+i — 0. We can write 
the defining polynomial / of X as X\^i.h + g, where g is independent of the 
variable ^a+i- The intersection of X with the hyperplane H is a cone with 
vertex A. On the other hand, it is defined by g = 0, hence g is independent of 
Xq, . . . , Xx- So we get that the polynomial / is of the form 

Xx+i.h{Xo, . . . , Xn) + g{Xx+2, ■ ■ ■ , Xn). 

We conclude that there exists a family of hypersurfaces of dimension 

/N + d-l\ /N + d- X-2\ 
[ N ) + [ N-X-2 

such that each member X has star points in A \ (A n Sing(X)). If X is a 
general element of the family, its singular locus is given by Xx+i ^ . . . — Xn = 
h{Xo, ■ ■ ■ , Xn) — 0, so Sing(X) is a hypersurface of degree d — 1 in A. 

3 Extremal case 

In this section, we consider the case where A is maximal, i.e. A = — 2 (see 
Theorem 12. 5p . Assume there do exist two such linear subspaces Ai and A2 
of X. Let Hi and 112 be the corresponding hypcrplanes in P^, then we have 
that dim(n2 n Ai) = iV - 3. Since 112 n Ai C 112 n X = A2, we get that 
dim(Ai n A2) = iV - 3 and therefore dim((Ai, A2)) = iV - 1. 

Assume A3 is another such linear subspace of dimension N — 2 and assume A3 
does not contain AinA2. Since dim(Ain A3) = and dim(A2 nA3) 

it follows that A3 C (Ai, A2). 

Proposition 3.1. Let X be an irreducible reduced hypersurface in and let 
S be the set of {N — 2) -dimensional linear subspaces A of X such that a general 
element of A is a star point of X. If S has at least two elements, then one of 
the following two possibilities holds. 

1. There exists a linear subspace L of dimension N — 3 such that all such 
A E S do contain L. 

2. There exists a linear subspace H of dimension N — 1 such that all such 
A 6 iS are contained in H . 

Remark 3.2. Cones over plane curves do give examples of Case[l]in Proposition 
13.11 If we are in Case [1] and if S has at least d elements, the hypersurface X 
will automatically be a cone over a plane curve with vertex L. Indeed, assume 
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there are d such linear spaces Ai, . . . , € S. They correspond to d different 
tangent hyperplanes Hi, . . . , H^. Take P G L general and Q G X general. It is 
enough to prove that {P, Q) C X. Choose a plane V containing P and Q such 
that Li — Hi nV are d different lines through P. Let j = V H X considered 
as a divisor on V. Since Hi H X = dh-i as a divisor on Hi and Li is a line on 
Hi through P, it follows that Di = dP as a divisor on Li is a closed subscheme 
of 7. Let V be the blowing-up of V at P, let E be the associated exceptional 
divisor on V and let L- (resp. 7') be the proper transform of Li (resp. 7) on V . 
In case the multiplicity of 7 would be smaller than d, we have that 7' contains 
L^r\E for 1 < i < d. Since the lines Li are c? different lines, it follows that 7' 
contains d different points of i5, which contradicts the assumption. This implies 
that the multiplicity of 7 at P is equal to d, hence (P, Q) C 7 C X since Q G 7. 

It follows that in this case the set S contains at most 3d linear subspaces, 
since a plane curve of degree d has at most 3d total inflection points (see e.g. [H 
IV, Ex. 2.3(e)]). Equality holds for the cone over the Fermat curve of degree d. 

Remark 3.3. In Case [21 the set S contains at most d such linear subspaces, 
since n AT is a divisor of degree dinH. 

Example 3.4. Assume AT is a hypersurface satisfying Case [5] and S has d 
elements Ai, . . . , A^ C H with corresponding to tangent spaces Hi, . . . , 11^. We 
can choose projective coordinates {Xq : . . . : Xn) on such that H has 
equation Xn = and Hi has equation Zi(Xo, . . . , ATjv) = 0, hence hi is defined 
by Xn — k = 0. One can see that the equation of X is of the form 

d 

f{Xo, . . . ,Xn) = h(Xo, . . . ,Xn) + aXff = 
1=1 

with a G C, hence there is a 1-dimcnsional family of hypersurfaces having star 
points in the general points of Ai, . . . , A^. 

4 Surfaces in with a line of star points 

In this section, we consider the special case where = 3 and A = 1, so X is a 
surface of degree d > 3 in P"^ and A is a line on X such that the smooth points 
of X contained in A are star points of X. We can take projective coordinates 
{Xq : Xi : X2 : ^3) on P'^ such that A has equation X2 = X3 = and 11 has 
equation X2 = 0. From Example 12.71 follows that the equation of X can be 
written as / = X2.hiXQ, Xi, X2, X3) + g{Xs,) = 0. We may take 3(^3) = X^. 
If we write h{XQ, Xi,X2; X^) as 

X3L3{Xo, Xi, X2, ATs) + X2L2{Xo, Xi,X2) + L{Xq, Xi), 

the intersection Sing(Ar) n A is defined by X2 = X^ = L{Xq,Xi) — 0. Assume 
Sing(Ar) n A consists of d — 1 different points. We can choose the coordinates 
so that Po = (1 : : : 0) is one of those points, so L(1,0) = 0, hence 
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L{Xo,Xi) = XiLi{Xq, Xi) and Li(l,0) 7^ 0. Consider the afRne coordinates 
{xi,X2, X3) on the chart ^ as local coordinates around Pq (so Xi = Xi/Xq). 
Using these coordinates, X is defined by 



/ = a:2(a;3/3(a;i,a;2,a;3) + a;2^2(a;i, 2:2) + a;i/i(a;i)) + 2:3, 



where li is the polynomial corresponding to the form Lj. The transformation 
defined by 



is a transformation of local coordinates since (0) 7^ 0. The equation of X in the 
local coordinate system (2/1,2/2, J/s) is 2/12/2 + 2/3- Using a second transformation 
of local coordinates defined by 



the equation of X becomes zf + Z2 + z!^ = 0, hence Pq is an ^c(_i-singularity of 
X. We conclude that the d — 1 points in Sing(X) n A are A^-i-singularities, if 
they are pairwise different. The following proposition states that the converse 
also holds. 

Proposition 4.1. Let X be a surface of degree d>3. Assume A is a line 
on X such that A (z! Sing{X) and assume A contains d — 1 Ad-i-singularities 
of X. Then a general point of A is a star point of X. 

Proof. We can choose projective coordinates on so that A is given by X2 = 
X3 = 0. The equation of X can be written as 



X3g{Xo,Xi,X3)+X2{X:,Ls{Xo,Xr,X2,X3) + X2L2{Xo,Xi,X2)+L{Xo,Xi)). 



and contains d — 1 points, so there exists a complex number a. such that 
g{Xo,Xi,0) = aL{Xo,Xi). The tangent space H at a smooth point on A has 
equation X2 + aX^ = 0. We can change the coordinates on P'^ so that a = 0, 



hence .g(Xo,Xi,0) = 0. Write X^giX^, Xi, X^) = X^G{Xo, Xi, Xs) where m 



is maximal. Note that m > 2 and we need to prove that m = d. Let T be the 
curve defined by X2 = G{Xq, Xi, X3) = 0, hence X n 11 = mA + F as divisors 
on n. Since F n A consists of at most d — m < d ~ 1 points, we can take a point 
P e Sing(X) n A such that P ^ F n A. We can also take the coordinates on P^ 
such that P = (1 : : : 0). It is easy to see that P is an Am-i-singularity, 
hence m = d. □ 



2/1 = a;3^3(a;i,a;2,a;3) + X2/2(a;i, a;2) +xi/i(xi) 

2/2 = X2 
2/3 = X3 




The intersection Sing (AT) n A is defined by 



X2=X3= g{Xo,Xi,Q) = L(Xo, ATi) = 
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Remark 4.2. Note that in the above Proposition, it suffices to assume that A 
is a Hne containing d — 1 A^-i-singularities of X, since a hue containing d — 1 
singular points of a surface X is contained in X. Moreover, an -singularity 
is isolated, so A Smg{X). 

In case of cubic surfaces, the above example was already observed in [T]. In 
that paper, the author expects this is the only case giving rise to cubic surfaces 
having infinitely many star points. However, this is not true. Indeed, as a 
trivial example, one can consider a cone X over a cubic curve T. In this case, a 
smooth inflection point on F corresponds to a line of star points with exactly one 
singular point of X and this singularity is not even rational. More generally, 
assume A contains only one singular point of a cubic surface X. By taking 
projective coordinates {Xq : Xi : X2 : X3) on P'^ as before (such that A has 
equation X2 = X^ = and 11 has equation X2 = 0), we can write the equation 
of the surface X as 

/ = X2iX3L3iXo,Xi,X2,X3)+X2L2iXo,Xi,X2) + L{Xo,Xi))+Xl = 0, 

where L is a square. We may assume that L{Xq,Xi) = Xf, hence the only 
singular point of X on A is P = (1 : : : 0). The intersection of the plane 
X3 = and the surface consists of the line A and the conic with equation 
X3 = X2L2{Xo,Xi,X2) + Xl = 0. This conic is non-singular if L2(l, 0, 0) ^ 0. 
In that case, the surface X has a unique singular point on A (of type if 
^3(0, 0, 0, 1) 7^ and type if ^3(0, 0, 0, 1) = 0), hence this case is also different 
from the example in [T]. Of course, both examples are specialisations of the 
example in [T]. In that way, the statement of Ij can be adjusted and generalised 
as follows. 

Theorem 4.3. Let X he a surface of degree d > 3 m P'^ and assume there is 
an irreducible curve A on X such that a general point of A is a star point on 
X. Then A is a line in ¥^ and there exists a 1 -parameter family {X{t),A{t)) 
with X[Q) — X , A(0) = A and such that for t ^ 0, X(t) is a surface of degree 
d in and A(t) is a line on X{t) containing d — 1 Ad-i-singularities of X{t). 
In particular, a general point on A{t) is a star point on X{t). 

In a particular case of a surface X with a line A of star points, we can say 
something about the types of the singularities of X on A if there are less than 
d — 1 singular points of X on A. 

Lemma 4.4. Let X he a surface in of degree d > 3 defined by an equation 
of the form 

f = X2iX3X^-^ + X^L{Xo, Xl)) + xi - 0, 
with L{\, 0) 7^ 0. Then P = (1 : : : 0) is a singularity of X of type Ada-i- 

Proof. We are going to work with the affine coordinates {xi, X2,X3) on the chart 
Xq (so Xi ~ Xi/Xo). The equation of X becomes 

f = X2ix3+x'^l{xi))+xi = 0, 
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with l{xi) the polynomial corresponding to the form L{Xo, Xi). We are inter- 
ested in the singularity P in the origin. Consider the transformation 

2/1 = xi 

2/2 = X2 

2/3 = xs+xfl{xi) 

of local coordinates around P. In the local coordinate system (2/1,2/2,2/3), the 
equation of X is given by 



/ = 2/22/3 + [2/3 -2/fK2/i)]'' 



y^y^ + fl (•)2^3(-2/r^(2/i))'^- 



(-K2/i))V" 

(-«(2/i))V" 



0. 



In the local coordinate system defined by 
zi = 2/1 

^2 = 2/2 + Eti {1)yi-'i-y?Kyi)r-' . 
Z3 = 2/3 

the equation of X becomes 2:2 2:3 + {—l{zi))'''zf" = 0. Since l{0) ^ 0, there exists 
a power series l'{x) such that {l'{x))" = —l{x). Finally, in the coordinate system 
defined by 

wi = l'{zi)zi 

2 1 

i(z2-Z3) 

2 



W2 
W3 



the surface X is locally given by wf" + + = 0, hence P is a singularity of 
type Ada-i- □ 

Proposition 4.5. Let X be a surface in of degree d > 3 defined by an 
equation of the form 

f = X2{X3Ls{Xo,X,,X2,Xs)+X2L2iXo,X^,X2) + L{Xo,X^))+Xi = 0, 

where L is a fixed and L2 , are general. Then each smooth point on the line A 
defined by X2 = X^ = is a star point and each singular point P ~ (a : b : : 0) 
on A is of type Ak(p), where k{P) =da — l and a is the multiplicity of the root 
[a :b) of L = 0. So we have that 



E 

PeAnSmg{X) 



k{P) + 1 
d 



d-l. 



(*) 
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Proof. Lemma [4.41 implies that for L fixed, there exist polynomials L2 and L3 
such that the singularities of X on the line A are all of the type Ak and satisfy 
formula (gj). From [BUT], it follows that such singularities are the least worse that 
can deform into d — I singularities of type A^-i, hence the generic statement 
follows. □ 

The case of cubic surfaces is also investigated in [11]. Since in that paper 
(because of moduli reasons) only semi-stable surfaces are considered, for cubic 
surfaces with infinitely many star points only the example of [1] is obtained. In 
[llj , the notion of star points is also introduced for singular points on a cubic 
surface. We can generalise this notion as follows. 

Definition 4.6. Let X be an irreducible hypersurface of degree d > 3 in P^. 
A point P on A" is called a star point on X if there exists a hyperplane 11 in 
such that n n AT (as a scheme) is a cone with vertex P. 

Of course, in the case of surfaces in P"^, a point P is a star point on X if and 
only if there exists a plane 11 in P'^ such that the reduced scheme associated to 
n n X is a union of lines through P. This corresponds to the definition of a 
star point in 11, §4]. Note that for smooth points on hypersurfaces, the two 
definitions are equivalent. 

In §5], the notion of a proper star point is introduced. The meaning of 
this notion is not completely clear because it is defined with respect to a family, 
but in the situation of e.g. 1111 Proposition 5.3] there is no family. Probably, 
what the author means is the following (we give the general definition). 

Definition 4.7. A star point P on A" is a proper star point if there exists a 
1-parameter family {X{t),P(t)) such that X{0) = X, P(0) = P and P{t) is a 
smooth star point on X{t) for t 0. 

Lemma 4.8. Each star point on a hypersurface of degree d > 3 is proper. 

Proof. Let P be a star point on X C P^. Using coordinates on P^, we can 
assume P = (1 : : . . . : 0) and 11 is the hyperplane in P^ with equation 
Xi = (such that 11 n AT is a cone with vertex P) . From Example 12.71 follows 
that X has equation Xih{Xo, ■ . ■ , Xjy) + g{X2, . . . , Xjy) — with h (resp. g) 
homogeneous of degree d—1 (resp. d). If we take general homogeneous forms H 
of degree d—1 and G of degree d, the surface with equation XiH{Xo, . . . , Xj^) + 
G{X2, . . . , Xn) = is smooth and P is a star point on it. Now consider X{t) 
to be the surface with equation Xi{h + tH) + {g + tG) = 0. □ 

This proof is clearly much shorter than the proof in |11[ §5]. In that proof, 
the cases of P being a singular point of type A2, P a star point on a line 
connecting two Ai-singularities and P a star point on a line connecting two A2- 
singularities are handled separately. For the first two cases, a blowing-up of P^ 
in 6 points is used to obtain the result of the Lemma. In the third sharper 
statement is obtained: a star point on a line connecting two A2-singularities is 
the limit of a star point on a line connecting two Ai-singularities. We are going 
to generalise this result. 
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Theorem 4.9. Let X be a surface of degree d > 3 m and let A ^ Sing(X) 
be a line containing d — 1 singularities of type Ad-i- Let P be a smooth star 
point of X on A. Then there is a 1-parameter family {X{t), A[t), P{t)) with 
(X(0), A(0), P(0)) = {X, A, P) such that for t ^ the line A{t) contains d-1 
Ad-2- singularities of the surface X{t) in P'^ of degree d and P{t) is a smooth 
star point of X(t) on K{t). 

Proof. First we make a note on surfaces X of degree d in P'^ containing a line 
A ^ Sing(X) such that A contains d—1 singularities of type Ad-2- In the proof 
of Proposition 231 instead of to = d, one obtains m — d ~ 1, hence the equation 
of X can be written as 

xt'g{Xo,Xi,X3) + X2h{Xo,Xi,X2,X3) =. o 

and 5(^0, Xi,0) ^ 0. The intersection of X and the plane 11 with equation X2 = 
is equal to (d — l)A+i, where the line L has equation X2 = g{Xo, Xi, ATa) = 0. 
The set Sing(Ar) n A on the line A is given by L{Xq, Xi) = 0. In case the zero 
of g{Xo, Xi,0) on A is also a zero of L{Xo, Xi), the corresponding point is a 
^d-i-singularity, hence L intersects A at a smooth point P of X. Clearly, the 
point is a star point of X . 

Now assume X contains a line A Sing(X) containing d—1 singularities 
of type Ad-i- As in the proof of Proposition 14. 1[ using suited coordinates, the 
equation of X can be written as 

xi + X2iX3L3 + X2L2 + L{Xo,Xi)) = 0. 

The d—1 y4d_i-singularities on A are the zeroes of L{Xo, Xi) = 0. Now take a 
point P — (ao : ai : : 0) on A with L{ao, ai) ^ 0, so P is smooth on X. Let 
g{XQ, Xi) :— UiXq — a^Xi and consider the surface X{t) with equation 

Xt\X3 + tg{Xo, Xi)) + X2{X3L3 + X2L2 + L{Xo, X^)) = 0. 

Then A{t) A is a line on X{t) not contained in Sing(A"(t)) and for t ^ 
the surface X{t) has exactly d—1 Ad-2-singularities on A. From the previous 
discussion, the point P{t) := P is smooth on X{t). □ 

Now consider a cubic surface X in P'^ and denote by S the closure of the 
union of all 1-dimensional families of star points on X. From Proposition 13.11 
follows that there are only two possibilities: either AT is a cone on a cubic plane 
curve and then S is the union of lines through the vertex of X, either there is a 
plane H and 5 is a union of lines in H. Consider the second case. We know each 
pair of ^2-singularities in X give rise to a line inside S, so all ^2 -singularities 
are contained in one plane H. In case X has at least three A2-singularities, 
then S need to be the union of three different lines in H. If the intersection 
P of two such lines would be a smooth point of X, since X D H is singular at 
P, we would obtain H = Tp{X). But Tp{X) n X should be a cone (since P 
is a star point), hence P is not smooth on X. Therefore S are non-concurrent 
lines and the intersection points are A2-singularities. This shows X has at most 
three A2-singularities. This is in accordance with known results, see e.g. [8]. 
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